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Abstract-Spline functions defined from certain kernels, the orthogonal polynomials, and the tensorial 
product of B-splines are tested for the approximation of the first and second derivatives of a known 
function in a set of points scattered throughout a domain in the plane (R’). The influence of boundary 
conditions is examined in the case of smoothing with the tensorial product of B-splines. These ap- 
proximations were tested on thin-plate deflections and on an example obtained from holography. 
INTRODUCTION 
To investigate stresses, several problems in experimental mechanics call for knowledge of the 
derivatives of known displacements at certain points (photoelasticity). The problem is mathe- 
matically indeterminate because knowledge of a function at a few points does not make it 
possible to define an approximation criterion for its derivatives. In the case of one dimension, 
the literature has dealt mainly with the use of cubic splines to approximate functions as well as 
their first and second derivatives[l-51. This is due to the fact that cubic splines minimize the 
curvatures. In the case of two dimensions, little has been published on this subject. Schumaker 
in [6] enumerates the useful methods for the approximation of a given function in a set of points 
scattered throughout a domain in the plane (R’). For the approximation of derivatives, the 
Refs. [7, 81 present local methods using finite elements. 
In linear elasticity, the displacements are slowly varying functions. Using an approximation 
of this kind can give a good approximation of the derivatives. From this viewpoint, this article 
describes the testing of three overall approximation methods using: orthogonal polynomials, 
spline functions defined from the kernels R3, R5, RZ log R and R4 log R, and the tensorial 
production of B-splines. These methods will be tested on the defection of thin plates and on an 
example obtained from holography. 
SMOOTHING BY ORTHOGONAL POLYNOMIALS 
One of the drawbacks of the overall polynomial interpolation is the high degree of the 
polynomials leading to undulations which are detrimental to the approximation of derivatives. 
The use of smoothing by the least squares method gets around this problem because the degree 
of the polynomial is independent of the number of points. The smoothing polynomials to be 
tested are: 
Pn(X, y)= x LlijX’y’. 
Osi+jrn 
Pn is a polynomial with a total degree of n. 
The determination of the coefficients ai, by the least squares method is done by ortho- 
gonalization of the base s’$ using the Gram-Schmidt method following the algorithm given 
in[9]. These orthogonal polynomials are used for smoothing the 170 points represented in Fig. 1. 
These points are taken on the surface of the exact deflection of a rectangular plate (ABCD) 
simply bearing and subjected to a sinusoidal load (see Timoshenko[lO]). In Fig. 2 is shown the 
average relative error on the 40 verification points of Fig. 1. With P4, PC and Pg, the errors on 
the deflection and the first derivatives are acceptable: whereas the second derivatives are not 
utilizable. With P,, the difficulties of smoothing with high-degree polynomials become apparent 
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Fig. 1. Position of points on plate ABCD 
p6 0.030 0.105 0.134 1 .Ol 1.56 
__________ __..______ _.___ ____..______ _ ..________.- ------- 
P7 0.043 0.220 0.223 4.05 2.07 
Fig. 2. Average relative error of the deflection (ERW) of first derivatives (ERX, ERY) and second 
derivatives (ERXX, ERYY, ERXY). 
on the first derivatives. In Fig. 3 is shown the derivative in relation to y obtained by smoothing 
with Pd. The comparison along the middle line EF of the plate shows a very reasonable 
approximation. 
In practice, the values of the function at the smoothing points involve errors. An attempt 
was thus made to simulate these errors in the following manner: 
Gi = W(Xiy i)( 1 + R(i)) 
where Gi represents the values used in the smoothing, W(xi, yi) the exact deflection at the point 
(xi, yi)t R(i) a pseudo-random error which follows a normal centred law with a standard eviation cr. 
This normal aw is obtained practically as the limit of uniform laws (see Lefart [I 11, IBM). With this 
error distribution were tested the polynomials P5 for different standard eviations (Fig. 4). Good 
stability is found for the approximation of the deflection and of its first derivatives. It can thus be 
said, with certain reservations, that the orthogonal polynomials are simple, useful and stable for the 
approximation of the function as well as of the first derivatives. 
SMOOTHING BY SPLINE FUNCTIONS 
The spline functions defined from kernels of certain semi-hilbert sub-spaces X”.” are 
functions defined over RZ and verifying the minimum of the semi-norms: 
Ilwllw = ag , .2 ~ I,2 IFPa wW121t12” d . (1) 
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- Exact solution_ 
- Approximate solution 
Comparison of derivatives with respect to 7 
Fig. 3. Area of approximation of the derivative with respect to y with Pq 
Standard 
deviation F.Rw ERX ERY 
_____L______ ..--_-_- - -.._________..______---. 
0. 0.0312 0.128 a.149 
--we_-____m--- .---___ -- ..__---__-- ._________- 
0.001 0.0310 0.129 0.151 
----_-me__ ____ .---___ -- .----___-_.. _________. 
0.005 0.0371 0.130 0.158 
-__________- __.__ ______ .__--_____ ._________. 
0.01 0.0449 0.135 0.168 
--- ________ -__.______-_.._________._________. 
0.05 0.11.l 0.198 0.259 
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Fig. 4. Aberage relative error ai a function of the standard deviation with P< 
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F: Fourier transform 
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D”=D”lD”2.... Dan a = (a,, a:. . . . , a,). 
The smoothing is obtained with these splines by minimizing: 
Gi: displacement of unknown function at the point (Xi, y,); p: the smoothing coefficient: m: 
number of smoothing points. 
Knowledge of the kernel K of the semi-hilbert space X”,” allows us to write explicitly the 
minimizing spline function (2): 
s(x* Y) = 2 aiK((X, Y)Y txi7 Yi)) + $j bipi(X9 y) 
,=I 
{pi}i=r., , d being a basis of the null space N of X”.“ 
N = cf E X “.“, 1lflln.u = ‘4 
The coefficients ci and bi are defined by the system: 
i ai + S(Xi, yi) = Gi i = 1,. . . , VI 
2 aiPk(xj, Yj) = 0 k = 1, . . . 9 d. 
(3) 
(4) 
c: a constant which depends on u and n. 
When S is replaced by its expression in (4) a linear system is obtained. For more details on 
these splines, see Duchon[ 121. When - n < u - 1 < 0, the kernel is known, being proportional to 
K defined by the following formulae: 
if k = 2n + 2u - 2 is an even integer then: 
K[(x. y), (x’, y’)] = R’ Log(R) R* = (x - x’)‘+ (y - y’)‘. 
If k = 2n + 2u - 2 is not even then: 
K[(x, ~1, (x’, ~'11 = Rk. 
\l~l\~,~ represents the deflection energy of an infinite plate with a zero Poisson’s ratio. We shall 
test the spline functions defined from R2 log(R), R4 log(R) and R5. 
Before smoothing with these splines, they will be used in interpolation with exact values. 
Interpolation by these splines will be compared on the example of the rectangular plate under a 
sinusoida load. The 170 interpolation points are shown in Fig. 1. The linear systems obtained 
are solved by the projection methode (see Paihua[17]). The spline functions obtained are 
compared on the 40 verification points in Fig. 1; the average relative errors at these 40 points are 
shown in Fig. 5. 
In this comparison, we note that the splines defined from R4 log(R) and R5 gave the best 
approximations for the function and its first and second derivatives. The spline defined from R’ 
gives a slightly better approximation than that defined from R2 log(R) for the function and its 
first derivatives. The second derivatives with respect o x and y are unutilizable in the case R3. 
In short, the splines defined from R4 log(R) and R5 are capable of approximating a function up 
to its second derivatives, and cases R3 and R2 log(R) are useful for approximating the function 
as well as its first derivatives, on condition that the function be known exactly at the 
interpolation points. 
Frequently in practice the functions which one endeavours to approximate are defined at 
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Fig. 5. Average relative error of the deflection (ERW), the first derivatives (ERX, ERY) and the second 
derivatives (ERXX, ERYY, ERXY), in the case of interpolation with exact values. 
certain points with errors, in such cases approximation by smoothing may be more effective. 
One of the problems posed in smoothing is the choice of smoothing parameter. In their 
article[l8], Wahba and Wold proposed the cross validation method for determining the 
smoothing parameter p [19]. We shall utilize smoothing by the splines defined from the kernels 
proportional to R* log(R), R’, R4 log(R) and R’, with the parameter c/p being determined by 
this cross validation method, to see the influence of c/p on the approximation of the function 
and its first and second derivatives. 
The spline function defined from the kernel R* log(R) is utilized in smoothing the deflection 
at the 170 points of Fig. 1; on this deflection an error of standard eviation CJ = 0.05 had been 
introduced. The linear system is resolved by the projection method; the spline function 
obtained is tested on the 40 verification points of figure 1; the relative errors obtained are shown 
in Fig. 6(a), for different values of c/p. The optimum c/p was calculated by the cross validation 
method with a relative tolerance of 0.1; the value obtained is c/p = 0.021. In Fig. 6(a), it is 
obvserved that the errors vary continually as a function of c/p, so that there is a certain stability 
in the calculations. 
In view of the calculation errors and the tolerance in determining the optimum smoothing 
factor by the cross validation method, the value obtained, c/p = 0.021, is not quite the best, but 
it is not far behind c/p = 0.025 for which the best approximation of the initial function was 
obtained. The errors on the derivatives do not vary with the error on the deflection, especially 
in interpolation where major errors are obtained on the derivatives; in the case of smoothing 
with a good parameter c/p, there is a far greater improvement in the approximation of the 
derivatives than in the approximation of the function. 
The case of the spline defined from the kernel proportional to R3 is tested in the same 
conditions as the case of R’ log(R); with R3, the second derivatives can be approximated. As in 
the case R2 log(R), the resolution of the linear system by the projection method or by Gauss’s 
partial pivot method, roughly the same approximations are obtained. The cross validation 
I E P I ERl\X I ERKY 
Fig. 6(a). Average relative rrors of the deflection (ERW) and the first derivatives (ERWX, ERWY), in the 
case of smoothing by the splines (R’ log(R)). as a function of c/p. 
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( ; 1 ERW 1 ERX j ERY ( ERXi / ERYY / ERxY / 
0 0.046 0.563 0.391 4.62 1.58 3.37 
__________________________________t______________~~~~~~~~ 
0.0006 0.037 0.236 0.156 2.62 
______________________~________~~_________~~__~~_____~~_~ 
3p 
0.0065 0.022 0.134 0.111 1.98 
________________~___~~~_~~~~~~~~~~~~~~~~~~~~~~~~~~~-~~~~~ 
CIV 
0.0065 0.0197 0.141 0.114 2.10 
____________________~~~~~~~~~~~~~_~~~~~~~~~~~~~~-~~~-~~~~ 
0.06 0.128 0.148 0.172 1.57 
_____________________~~__~_~__~_~_____~~~~___~~__~~~~_~ 
0.6 0.389 0.347 0.441 1.04 
Fig. 6(b). Average relative errors of the deflection (ERW), the first derivatives IERX. ERY). and the becond 
derivatives (ERXX, ERYY, ERXY). in the case of smoothing by the spline I R’). a, a function of c/p. 
method was applied to calculate the optimum c/p with a relative tolerance of 0.1, and 
c/p = 0.0065 was obtained. The average relative errors on the verification points are shown in 
the Fig. 6(b), for different values of c/p. The cross validation method gave us the c/p for which 
optimum smoothing of the function and the first derivatives is obtained; approximation of the 
second derivatives remains very poor. The double precision calculation, which gives no major 
improvement, is indicated by DP in the figures. Therefore, for the cases R” log(R) and R3, the 
cross validation method enabled us to find a good value for c/p ; the approximation of the 
deflection is acceptable. The approximation of the first derivatives is rather slight, the error 
being 20%, when the relative error on the deflection does not exceed 5%. for the density of 
points shown in Fig. 1. 
We have seen that interpolation with the exact values in the case RJ log(R) gave good 
results for approximation of the detlection and the first and second derivatives. The inter- 
polation system is rather poorly conditioned[20]. The case R4 log(R) is tested in the same 
conditions as R2 log(R), with one difference, namely, the error introduced on the deflection is of 
standard eviation CJ = 0.01; the utilization of an error of standard eviation u = 0.05 gave results 
which cannot be utilized; this is due to the poor conditioning of the linear system. In the case 
u = 0.01, smoothing with different c/p values is shown in Fig. 7. The cross validation method 
gave us a c/p = 0.019 with a relative tolerance of 0.1; however, optimum smoothing is obtained 
with c/p = 10e3; and even for this value the approximation of the second derivatives remains 
mediocre. 
E ERW ERX 
P 
~ r- 
ERY ERW ERXY 
______________________________~~___~~~~~~~~_~ _____-___---__-_-___~~~~~---~~---~ 
0. 0.0111 0.122 0.093 1.2 0.46S 3.68 
______________________________~~___~~__~~~~__~~~_~~~~~~~~~~_~~~~___~~~__~~-__~~-~ 
10-S 0.009 0.101 0.075 1.0 0.351 0.505 
_____________________________~~~___~~__~~~_~~_~~_~~~~~_~~~~__~~~____~~_~~~~~-~--. 
10-3 il.0102 0.03s o.c317 0.67 0.511 0.135 
_______________________________ ____________________~____~.____-___--_-----_----.. 
10-2 0.02 0.0504 0.0607 0.31 0.737 0.079 
____________________________________~____~___~~~_~~_~___~_.~~--~~~---~~~--~~---- 
C.V 
0.019 0.03 0.059i O.OS23 0.83 0.89 c.c.39 
_________________________~___~~~_~~~~_~~~~__~~~~___~~__~~~~~~--~~---~~~~--~----- 
1. 0.543 0.41 0.608 1.12 2.05 0.596 
Fig. 7. The average relative errors of the deflection (ERW), the first derivatives CERX, ERY) and the 
second derivatives (ERXX, ERYY, ERXYJ, in the case of smoothing by the spline (R’ log[R]). as a 
function of c/p. 
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Fig. S. The average relative errors of the deflection (ERW), the first derivatives (ERX, ERY), and the 
second derivatives (ERXX. ERYY, ERXY), in the case of smoothing by the spline (R5), as a function of 
C/P. 
Interpolation with the spline defined from the kernel proportional to R5 on the exact values 
of the deflection gave the best results for approximation of the first and second derivatives. 
Calculation of the eigenvalues howed us a very poor conditioning of the interpolation 
system[20]. The case R’ is tested in the same conditions as R* log(R), with one difference, 
namely, the error introduced on the deflection is of standard eviation u = 0.005. The utilization 
of an error of standard eviation u = 0.01 gives almost identical results to those obtained in the 
case R4 log(R), In the case B = 0.005, smoothing with different c/p values is shown in Fig. 8; it 
is observed that c/p = 0.0001 gave us the best smoothing. In this case the interpolation system is 
so poorly conditioned that it is numerically irreversible either by the Crout method or the 
Gauss-Jourdan method, and the optimum c/p was not calculated by the cross validation 
method[20]. c/p = 0.0001 gave acceptable results for the approximation of the function and the 
first and second derivatives. 
All the calculations are performed on IBM 370/168 computer. In the cases R4 log(R) and R’, 
the calculations are performed in double precision (single precision calculations are less 
satisfactory). In the cases R’ log R and R3, the resolution of the systems by the Gauss method 
or the projection method gave roughly the same approximations. In the cases R4 log(R) and R’, 
the projection method gives clearly improved results. 
SMOOTHING WITH THE TENSORIAL PRODUCT OF B-SPLINES 
Cubic splines are widely used in the smoothing of functions, especially in the form 
presented by Reinsch[Z]. The B-spline function is a cubic spline defined over four successive 
intervals and zero as well as its first and second derivatives at the two points of the edge. These 
B-splines form a base of cubic splines. 
The tensorial product of the B-splines is a function defined on R’: 
Ftx, Y) = 2 aijMii(x) Nj(Y). 
i.j 
M,: the B-spline function defined on the abscissa; Nj: the B-spline function defined on the 
ordinate. 
To smoothen points distributed in a random manner in the plane, they are placed in a 
rectangle quipped with a rectangular grid (see Hayes [13]). The B-splines are calculated according 
to the method given by Cox [ 141. The coefficients Qij are determined by the least squares method. 
The rectangular system obtained is solved by the Householder method[l5]. 
This tensorial product of the B-splines was used for smoothing 170 points taken on the 
surface of the exact deflection of a rectangular plate which bears simply and is subjected to a 
sinusoidal load [ lo]. The smoothing points and the grid are shown in Fig. 9a, an error of standard 
deviation was introduced on the exact deflection. In Figure 9b is shown the average relative 
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Fig. 9(a). Points and grid for a rectangular plate subjected to a sinusoidal load. 
Fig. 9(b). The average relative rrors of the deflection (ERW), the first derivatives (ERX. ERY), and the 
second erivatives (ERXX, ERYY, ERXY), as a function of (T, in the case of smoothing by the tensorial 
product of B-splines. 
errors on the 40 verification points of Fig. 1. Good stability is found for the approximation of 
the deflection and of its first and second derivative. In Fig. 10 is represented the second 
derivative with respect to y of the deflection on half of the plate, and a comparison with the 
exact solution on the middle line EF of the plate. This example shows that the use of the 
tensorial product of the B-splines with least squares for points distributed in a random manner 
in a rectangle can give excellent results. To have the results in the case where the smoothing 
domain is not rectangular, a test was conducted with a uniformly loaded circular plate with 
fixed edges. The 200 smoothing points and the rectangular grid are shown in Fig. 11. On this 
circular plate were introduced conditions at the points of the edge. These conditions are either 
imposed or smoothed. The conditions were imposed at the limit points as suggested by 
Hayes[l3], i.e. the equations of the boundary conditions are solved by the Householder 
method, this makes it possible to determine certain coefficients as a function of others, these 
coefficients are then changed by their expression in the least squares equations. The smoothing 
of the boundary conditions takes place by joining the equations of the boundary limits to the 
rectangular smoothing system, this overall system thus obtained is solved by the Householder 
method. 
These two cases of boundary conditions were tested on the normal derivative at 55 points 
located on the edge of the circular plate. In a third case the zero displacement was imposed at 
these points of the edge, and in a last case 112 points more were added in the corners (see Fig. 
12). These points are provided with the displacement of the edge, in order to determine the 
influence of the domain occupied by the smoothing points. These five cases are classified in 
increasing order of errors in Fig. 13. These errors represent he average relative error of 100 
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- Exact solution 
- Approximate solution 
E F 
Comparison of second derivative with respect to y over EF 
Fig. 10. Area of second erivative with respect o y obtained by smoothing. 
equidistant points taken on the half-circle GH, and the absolute maximum error of 100 
equidistant points taken on the diameter EF. The maximum deflection of the plate is equal to 1 
(see Fig. 11). These errors show that the introduction of boundary conditions is detrimental if
anything. These conditions introduce a disturbance in the solution in the vicinity of the edge, as 
can be seen from the level curves of Fig. 14. This is due partially to the fact that the imposition 
of boundary conditions at a few points is not sufficient o allow the smoothing function to verify 
these conditions over the entire edge, thus introducing undulations on the function and its 
derivatives. It is thus preferable to avoid imposing boundary conditions at the points of the 
border so as to obtain only the smoothing effect (see Fig. 15). In the case where a border of the 
smoothing domain coincides with the sides of the rectangle, it is possible to smooth with 
B-splines which verify these conditions over the entire edge, and one would be sure that there 
would be no undulation on the border[l6]. 
These calculations on the circular plate were carried out with exact values of deflection. To 
determine the behaviour of the tensorial product of the B-splines with errors, we have taken a 
concrete example from the holographic method applied to the analysis of stresses. What is 
involved is the modelling of a pavement subjected to a load concentrated on the edge with a 
gulley perpendicular to it. The fringes obtained are represented in Fig. 16. We obtained 12 
distinct fringes and a 13th diffuse fringe which represents the zero displacement of the rest of 
the pavement. The 450 smoothing points as well as the grid are shown in Fig. 17. This grid is 
denser where the function varies rapidly, i.e. where there are no longer any fringes, in order to 
be able to follow the shape of the unknown function. The obtained pavement deflection is 
shown in Fig. 18. The moment M, is shown in Fig. 19. 
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Deflection level curves 
Fig. I I. Curves of levels, points (200) and grid for the uniformly loaded circular plate. 
. . . . . . . . . . 
I I , / 
. 
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-i } i -1 tip:, ,. . . 
. * 1 .;: 1 .j 1: : 
Fig. I?. Points (II!) .md grid for the uniformly loaded circular plate. 
Fig. 13. Summary table of errors on the circular plate with different boundary conditions. 
Fig. 14. Deflection level curves obtained in the example of smoothing with B-splines, imposing the zero 
normal derivative at the points of the edge. 
Fig. I.(. Area of approximation of derivatrve with respect to R on half the plate without boundary 
conditions. 
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Fig. 16. 
Fig. 17. Points and grid in the two-layer pavement model with loading on the edge and gulley perpendicular 
to edge. 
Fig. 18. Deflection surface in the case of a loaded (0.2 kg) two-layer pavement, loaded on the edge with 
gulley perpendicular toedge. 
These two surface areas show an acceptable behaviour of smoothing with the tensorial 
product of B-splines. The restriction of our solution was compared with the solution obtained 
by applying the Reinsch method on the order AB of the pavement. Good agreement was 
obtained on the deflection and the first and second derivatives, with a smoothing coefficient 
S = 0.3 and 6yi = 1[2]. This agreement shows that smoothing with the tensorial product of 
B-splines maintains the good properties of smoothing with cubic splines. 
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Fig. 19. Surface of M,, in the case of a loaded (0.2 kg) two-layer pavement loaded at the edge with gulley 
perpendicular to edge. 
AA s 
Comparison of deflection and 
smoothing points. 
Comparison of first derivative 
Comparison of second derivative 
Fig. 20. ------. Solution obtained by Reinsch method: -. solution obtained by overall smoothing of pavement. 
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CONCLUSION 
Smoothing by the orthogonal polynomials is simple to perform and stable for approximation 
of the function and its first derivatives. 
Interpolation to exact values with the spline functions defined from the kernels proportional 
to R* log(R) and R3 gave good results for the appproximation of the function and its first 
derivatives; those defined from R4 log(R) and R’ give good results for the approximation of the 
first and second derivatives. 
In the cases R*log(R) and R3 and known functions with a relative error of less than 5%, 
smoothing with the coefficient determined by the cross validation method gives an acceptable 
result for approximation of the function and its first derivatives. The interpolation systems in 
the cases R4 log(R) and R5 are poorly conditioned; smoothing is very sensitive to errors on the 
function, and calculation of the smoothing coefficient is tricky. 
Smoothing by the tensorial product of the B-splines gave excellent results in the case of the 
rectangular plate, when the exact values of the deflection -were employed; when an error of 
standard deviation u = 0.005 is introduced on the deflection, an acceptable approximation is 
obtained for the deflection and for the first and second derivatives. In spite of their rectangular 
origin the approximation by the tensorial product of the B-splines with the least squares 
method remains satisfactory on a circular plate. Introducing boundary conditions at certain 
points of the border of the circular plate detracted from the approximation rather than 
improving it. The utilization of the tensorial product of the B-splines in a practical case showed 
good agreement with smoothing by cubic splines (smoothing parameter defined by the Reinsch 
method). 
This study shows that smoothing by the spline function defined from the kernel proportional 
to R’, with a good smoothing parameter, and smoothing by the tensorial product of the 
B-splines, can give acceptable approximations of the function and its first and second 
derivatives, so long as the relative error on the function does not exceed OS%, and for a 
satisfactory density of smoothing points. 
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